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Abstract

This paper considers a leader-following consensus problem for first-order linear multi-agent sys-

tems with constant input and communication time-delays. Based on the idea of cyber physical sys-

tems, the use of control states of neighboring agents, a new distributed control protocol is presented.

Furthermore, in terms of linear matrix inequalities, sufficient conditions of leader-following consen-

sus for multi-agent systems with constant input, communication and input time-delays are presented

respectively. Numerical simulations on multi-agent systems are presented to demonstrate the efficien-

cy of the proposed criteria.
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0 Introduction

Recent years have witnessed increasing interest in
multi-agent network cooperative systems partly due to
its broad applications in unmanned aerial vehicles, mo-
bile robots, automated highway systems, formation

31 Early work with multi-agent systems

control , etc.
is presented in Refs[4,5]. A fundamental approach to
achieve cooperative control is consensus. Consensus
means the agreement of a group of agents on their com-

51 Leaderless

mon states via information interaction
and leader-following consensus problem for agents with
first-order, second-order and high-order dynamics was

1 to name just a few. A

studied recently by authors'®
theoretical framework for consensus problems of multi-
agent network cooperative systems was presented in
Refs[1,2]. The first-order consensus algorithm with
time-delay was studied in Refs[7-10]. And also the
consensus problem for second-order dynamics systems
was discussed in Refs[11-17]. The effect of limited
and unreliable information exchange on agents’ con-
sensus behavior was analyzed in Refs[ 2024 ].

The leader-follower approach is an important strat-
egy for coordinating a team of agents. To let the whole
network converge to a specific trajectory that a ‘lead-
er’ can be added, for example the biological sys-

[25] [12,2629]

tems ~' and vehicle formation , and so on. The

different type of leader for multi-agent systems was
studied in Ref. [30]. Ni and Cheng[mused the tech-
nique including algebraic graph theory, Riccati ine-
quality and Lyapunov theory, leader-following consen-
sus under fixed and switching topologies. The leader-
following consensus under an undirected switching
graph topology was studied in Ref. [31], which was
inspired by the swarming behavior of silk worm moths.
The control lability of a leader-following dynamic net-
work with switching topologies was studied in
Ref. [32], where the leader is a particular agent acting
as an external input to steer the other agents, and it was
also considered in Ref. [33] from a graph-theoretic
perspective. For a leader with a nonzero and bounded
control input, a distributed adaptive dynamic consen-
Then the au-

thors of Ref. [35] designed an adaptive nonlinear pro-

sus protocol was proposed in Ref. [34].

tocol by using the relative state information only for
leader-following consensus under directed communica-
tion topology.

Note that almost all the protocols for the consensus
problem rely on the relative states of neighboring
agents, which however might not be sufficient in cyber
physical system. Cyber physical system is an integra-
tion of computation and physical processes. Embedded
computers and networks monitor and control the physi-
cal processes,usually with feedback loops where physi-

. . 36,37
cal processes affect computations and vice versa "'
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Multi-agent network cooperative system is an example
of cyber physical system; therefore, it is a new ap-
proach to design the distributed coordination strategies
for a network of agents in a cyber-physical environ-
ment.

In this paper, leader-following consensus prob-
lems are studied for continuous-time multi-agent sys-
tems in directed networks from a cyber-physical system
perspective. Unlike most of papers, it is assumed that
the information is not only the agent’ s state which is
exchanged between an agent and all of its neighbors on
the network , the information also includes the agent’ s
control signal which would be easy in a cyber-physical
system.

The remainder of this paper is organized as fol-
lows. In Section 1, some preliminaries on graph theory
are provided and the formation of the leader-following
consensus problem is given in a cyber-physical per-
spective. In Section 2, some results on the leader-fol-
lowing consensus problem with new consensus protocol
are established. In Section 3, some numerical exam-
ples are simulated to verify the theoretical analysis. Fi-
nally, some concluding remarks are given in Section 4.

Throughout this paper, it is denoted by I, the n x
n identity matrix, A" means the transpose of matrix A.
0 <0 means that the matrix Q is negative-definite.

1 Preliminaries

1.1 Graph theory

Using the graph theory, the network topology can
be modeled in a multi-agent systems consisting of n
agents. A directed graph of order NV is denoted by G =
(V, E, A), where the set of nodes V = {v;:i € N}
with N = {1,2,---,n} andn =2, the set of edges E C
VxV,A = [a;] is a weighted adjacency matrix. A
directed edges of G is denoted by e; = (v;, v;). The
adjacency elements associated with the edges of the
graph are not zeros, i.e. , e; € Eif and only ifa; > 0.
Moreover, it is assumed a; = 0 for alli € N. The set of
neighbors node v, is denoted by N, = {v, € V;(v;, v,)
e E{. The Laplacian matrix L(G) = [[;] of digraph

G is defined by [; = - 2 ay fori =jandl; = a;fori
=

# . If (v;, v;) is an edge of G, v, is called the parent
of v; and v; is called the child of v;. A directed tree is a
directed graph, where every node, except one special
node without any parent, which is called the root, has
exactly one parent, and the root can be connected to
any other nodes through paths. A spanning tree of a di-
graph is a directed tree formed by graph edges that

connect all the nodes of the graph.

1.2 Multi-agent systems and consensus protocol

Suppose each node of digraph G is a dynamic
agent with single-integrator kinematics as

x,(t) =u,(t) 1i=0,1,-,n (1)
where x; () and u;(t) are the state and the control in-
put of the ith agent, respectively. The agent indexed
by O with zero control input is called the leader, and
the rest agents indexed byi = 1,2,---,n are referred as
the followers.

Definition 1 ( Leader-following consensus prob-
lem). The distributed control law u;, = f;(z,), i =1,
---,n, where z; denotes the local relative state informa-
tion between ith agent and its neighboring agents. The
typical control law can be described as

u,(t) = Zl,aij<xj - %) +b,(x —x;) (2)

where, b, > 0 if the follower agent i has access to the
leader’ s state x, and b, = O otherwise. Such that for
any initial condition x;(0) , the following holds lime ()

=0, wheree = [e,,--,e,]" and e, = x, — x,.
Time-delay is frequently encountered in engineer-
ing systems involving multi-agent systems. It is well-
known that introducing a delay generally leads to the
reduction of performance or to instability. And the
effect of time-delay in the consensus problem was stud-
ied in Refs[ 7-10,14,16-18 ]. Early work generally re-
ferred to consensus problems with two kinds of time-de-

38391 Communication time-delay may frequently

lays
occur due to agents moving, asymmetric interactions,
communication congestion, or finite transmission
speed. And the input time-delay intrinsically and inev-
itably exists in real-world dynamical systems, such as
the inertia of the agent dynamics system and the actua-
tor’ s time-delay. There is also time-delay caused by

the sensor in the data sampling and data processing

(Fig. 1).
Controller >

P g Actuator
o
information

Fig.1 Block scheme of the one-agent system

For typical protocol Eq. (2), suppose each agent
has constant input time-delay but without communica-
tion and sensing time-delay. Then a typical control law

is as
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8(1) = S a,(u( =) “x(i-7)
+bi(x0(t_7i) _x;(t_Ti)) (3)

where 7, denotes the ith agent’ s input time-delay which
include the agent’ s actuator time-delay and system dy-
namics inertia.

Similarly, typical protocol Eq. (2) is considered
with constant input time-delay and communication
time-delay. Then a typical control law is

a,(t) = Z{%(%(t_ﬂ -7) —x(t-1))

_T:O) _xi(t _Ti))
(4)

where 7; denotes the communication delay from agent j

+ bi(xo(t -7

to agent i, Ty represents the communication delay from

the leader to agent 1.

1.3 A new consensus protocol

For a network of agents in a cyber-physical envi-
ronment, the agents’ control signals can be used as
feedforward signals for their neighbors (see Fig.1).
Two scenarios are considered in this paper.

(1) Fixed topology and zero communication time-
delay, each agent with constant input time-delay: a
new consensus protocol is used

w (1) = (1) +k;uj(t) (5)

JeN;
where N, denotes the set of neighbors of agent i, w,(t)
is defined in Eq. (3), k is the weighting factor of the
feedforward control signal in cyber physical system.

(2) Fixed topology and constant communication
time-delay, each agent with constant input time-delay ;
a new consensus protocol is used:

w () =a,(t) +kY u(t -7y (6)

jeN;
where u, (1) is defined in Eq. (4).

Remark 1 For the leader-following consensus pro-
tocol Eqs(4) and (5) with less redundancy, digraph
G is used to describe the interconnection topology of a
multi-agent system which cannot consist of a loop, and
means that there is no directed pathfrom v; to v,.

Assumption 1 All agents with the same input
time-delay 7 and the same communication delay 7, and
T=7+71"

Defining error variable ase; (1) = x,(t) —x,(t),
e(t) = [e(1) e,(t)]" and Eq.(7) is got
along with Eqs(5) and (6) :

e(t) = Le(t —7) —Be(t —7) +kAe(t) (7)

e(t) =Ae(t -=T) —De(t —7)

—Be(t —7) +kAe(t - 7°) (8)

where, the leader adjacency matrix B is an n X n diago-

nal matrix whose ith diagonal element is b, and is uti-
lized to represent the connections between the followers
and the leader. The degree matrix of G is D =

diagid, d,} € R"" in which d, = z a; fori
JjeN;
= 1,--,n. The initial condition of the state e(t) is

supplemented ase() =e(0),0 e [-T 0].
2 Main results

In this section, a stability criterion for system
Eqs(7) and (8) will be derived. Before presenting
the main results, the following lemmas are introduced.

Lemma 1 For any real differentiable vector func-
tion x(¢) €R " and any n x n constant matrix W = W'
> 0, the following inequality is got:

(x(t) —x(t=7))" W(x(t) —x(t -7))

srj 2(s) Wi (s)ds (9)
fort =20and7 =0.

At first, the convergence analysis of the consensus
problem in directed networks with fixed topology and
constant input time-delay Eq. (7) is provided.

Theorem 1 For network Eq. (7), the following
leader problem can be solved if there exist some posi-
tive matrices P, @ € R "*", such that the following
LMI is satisfied
M, M,

M:[* My,

]<o (10)

where
M, =Q-LR, M, =P(I-kA)"(L-B) +R,
T T

My, =-Q+7[(I-kA) "' (L-B)]'"R(I-kA) ' (L
-B) - r
T

In Eq. (10), * stands for the symmetric part of
the matrix.

Proof Lyapunov-Krasovskii function for Eq. (7)
is defined as follows

V(1) = e"(1)Pe(t) + j " (5)Qe(s)ds

' fiﬁgé"(s)l{é(s)dsde (11)

where P, @, R e R """ are symmetric positive definite
matrices. The time derivative of V() is
V(t) =é (t)Pe(t) + e (1)Pe(t)
+e'(1)Qe(t) —e' (1t —7)Qe(t — 1)
+ 7 (DR(1) = [ & (5)Ré(s)ds

(12)
From Eq. (7) and Lemma 1, the following can be
obtained ;
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V(1) <e'(t)Qe(t)

+e' (t-7)[ (I -kA) "' (L - B)]"Pe(1)
+e"(t)P(I -kA) "(L -B)e(t - 1)
—e'(t - 7)Qe(t — 1)

+7e (t —7)[(I-kA) ' (L -B)]"
R(I-kA)"'"(L -B)e(t - 1)

(o) = et =) RCe() = et = 7))

. =y (t)My(t) (13)
where y (1) = [e" (1), e"(t =7)]". Then Eq. (10) is
obtained immediately, which completes the proof.

Theorem 2 For network system Eq. (8), the
leader following problem can be solved if operator D is
stable and there existP = P' >0, Q = Q" >0, R,
=R >0,R, =R, >0,Z2 =2 >0,2,=2, >

Xn Xn Xy Xy
0, X = Xy Xy Xy > 0, Y =
* Xy Xy
* ® = Xy
Yll Y12 Y13 Y14
* Y, Y, Y
? % ¥ 1=0, and any matrices N, and
* Yy Yy
* * * Y,

M.(i =1,--+,4) with appropriate dimensions such that
the following LMIs hold ;

_(pll (pIZ ¢13 @14
& - ¥ Dy Dy Dy <0 (14)
* * Dy Dy
L % * * @44
Xy Xp X Xy N
Xy Xy Xy N,
Y= = X5 Xy N|=0 (15)
* % * X, N,
L = * * LA
Yy Yy, Ys Yy M,
Yy Yuo Yy M,
I =1 = * Y, Y, M,|=0 (16)
* * = Y, M,
L % * * * 7,
where,

&, =R +R, +2N, +2M,,
®,=-P(D+B) -N, + N, -M, + M.,

® ,=PA+N +M,
D,

= kPA + N, + M,

&, = -R +(D+B)' (Q+7Z, +TZ,) (D +B)

~2N, - 2M,

®,=-(D+B)"(Q+7Z, +TZ,)A - N, - M, ,
@ ,=-k(D+B)'(Q+1Z, +TZ)A -N, - M,

Dy, =-R, +A"(Q +1Z, + TZ,)A,

Dy = kA" (Q +1Z, + TZ,)A,

Dy =-Q+ KA (Q +7Z, +TZ,)A

Proof Choose a Lyapunov functional candidate to
be

V(1) = " (1)Pe(t) + fﬁé"(s)Qé(s)ds

-

¥ f_TeT(S)Rle(s)ds n f_OTLBe'T(s)ZIé(s)dsda

t r 0 .t o .
+L7‘e (s)Rye(s)ds + J_TLee (s)Z,e(s)dsda
(17)
From the Newton-Leibniz formula, the following
equations are true for any matrices N, and M,(i = 1,

e d)

re' ()N, +e' (1 _T>N2] e(t) —e(t —71)
2| +e"(1 - T)N, [_ L =0
~+e¢' (1t -7)N, f‘re(S)dS

(18)
re' ()M, +e' (1 —7)M, e(t) —e(t-T)
2 +;3T(t—T)]W3 ]X _ Lo ]:
“+e (1t -7 )M, LTC(S)dS

(19)

Calculating the derivative of V(¢) along the solu-
tion of Eq. (8) yields:

V(1) = 2e"(1)P(Ae(t = T) — (D + B)e(t - 1)
+kAe(t —7°)) +e"(1)Qe(t)
—e"(t=7)Qe(t —7°) +e (1)Re(1)
—e'(t =7)Re(t —7) + 7" (1) Z,e(t)
- Lé%s)zlé(s)ds +e" () Rye(t)
—e"(t =T)Rye(t = T) + Te' (1) Z,e(t)
—‘[I_TéT(s)Zzé(s)ds

) e"(t)N, +e'(t —=7)N, ]
+e"(t =T)N, +¢"(t = 1°)N,
e(t) —e(t —71)
X Lo
—LTe(s)ds ]
e (OM, +e'(t —7)M, ]
+e'(t =T)M, +¢' (1 —7°)M,
e(t) —e(t-T)
X L
- Lre(s)ds ]

L= OB = [ ") n(1,5)ds

+2[

_f_rnT(t,s)nn(t,gds (20)

where £ (1) = [e"(t), e"(t =7), e (t =T), ¢" (1t -
)1, () =[e' (1), e (t=7), e (t=T), e (1
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-7, ¢é(s)]" and @, ¥, IT is defined in Eqs(14-
16).

Remark 2 First-order multi-agent systems with
consensus protocol Eqs(5) and (6) can reach consen-
sus if and only if the digraph has a directed spanning
tree where all nodes in the graph are reachable from a
root node by following the edge arrows. Thus, it is not
difficult to get det(L — B) # 0 and det(D + B) # 0.

Remark 3 The consensus protocol in Eq. (6),

0 t
where T = 7 + 7°, then the termf (f gé'lv(s)Zé(s)dsdH

is omitted so that there is no term in Eqs(14 - 16) di-
rectly related with 7°. But the time-dependent stabili-
ties in Eqs(14 —16) are constrained by 7° and 7.

3 Simulation

In this section, numerical example is presented to
illustrate the effectiveness of the oretical results. Con-
sider group of eight agents whose dynamics can be ex-
pressed by Eq. (1), and the communication topology
to be a complicated one, as shown in Fig.2, and the
communication weight a; = life; € E, a; = 0 other-
wise. The initial states are x,(0) =1 (z =0,---,7),

where x,(0) = 0 is the leader’ s initial state.

Fig.2 The communication topology among the multi-agent

Example 1 A constant input time-delay 7, =0.4s
(i=1,---7) is taken and k = 0.7 is set for consensus
protocol Eq. (5). It is not difficult to find that LMI in
Eq. (10) can be solved by using the MATLAB LMI
tool. The state trajectories of the multi-agent systems
under consensus protocol Eq. (5) are given in Fig. 4.
In such a case, & = 0 is set that consensus protocol
Eq. (5) degenerates to typical protocol Eq. (4). Tt can
be seen that the multi-agent systems achieve leader-fol-
lowing consensus. Comparing Fig.3 with Fig.4, the
new consensus protocol shows faster convergence speed.

Example 2 Constant input time-delay 7, =0.4 s
and communication time-delay 7{ =0.1 s are consid-
ered for each following agent and £ = 0. 7 is chosen for
protocol Eq. (6). It is also not difficult to find that
LMIs Eqs(14 —16) can be solved by using the Matlab
LMI tool. Similarly, & = 0is chosen that protocol Eq. (6)
degenerates to typical protocol Eq. (4).

1, ’7)

x,(i

2 3 4 5 6 7 8 9 10
t(s)
Fig.3 State trajectories for consensus protocol Eq. (3)
T .
%. %
6 RN
. .
vesie ||
x|
i S
Foay [ x, |
6 7 8 9 10

5
t(s)

Fig.4 State trajectories for consensus protocol Eq. (5)

It is clearly shown in Fig. 5 and Fig. 6 that the

trajectories of the multi-agent converge to zero ( con-
sensus on the leader’ s state ). Faster convergence
speed for new protocol also can be demonstrated by
simulation results shown in Fig. 5 and Fig. 6.

o~ ,7)

1,-

x,(i

<1 L 1 I I L 1 ! I L

6 7 8 9 10

Fig.5 State trajectories for consensus protocol Eq. (4)
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1,

x,(i

5 6 7 8 9 10
t(s)

Fig.6 State trajectories for consensus protocol Eq. (6)

Remark 4 From the simulation results, one can
see that new protocol has faster convergence speed than
the typical protocol. In fact, the agent with inertia and
lag (input time-delay) shows that the agent’ s states
change lag behind the control input. So by the use of
neighbors’ control signal, the agents could adjust their
control signal before changing their neighbors’ states.

4 Conclusions

The consensus problem of first-order multi-agent
systems with fixed communication topology is discussed
in this paper. A new consensus protocol is proposed for
solving such a problem in a cyber-physical system.
Then the leader-following consensus problem for the
proposed consensus protocol is investigated based on
graph theory, linear matrix in equality technique and
Lyapunov approach. Two sufficient conditions are es-
tablished in terms of a set of linear matrix in equalities
for multi-agent systems with input time-delay and com-
munication and input time-delay. Finally, numerical
examples are given to illustrate the effectiveness of the
obtained results. Future research will focus on exten-
ding the current work to the case where each agent with
general dynamic and multi-agent systems has switching
topologies and time-varying delays.
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