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Dynamic stability of quadruped robot walking on slope with trot gait®
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Abstract

The dynamic stability of a quadruped robot trotting on slope was analyzed. Compared with crawl
gait, trot gait can improve walking speed of quadruped robots. When a quadruped robot trots, each
leg is in the alternate state of swing phase or supporting phase, and two legs in the diagonal line are
in the same phase. The feet in the supporting phase form a supporting region on the ground. When
a quadruped robot walks on slope, the vertical distance from zero moment point (ZMP) to the sup-
porting diagonal line is defined as ZMP offset distance. Whether this distance is less than the maxi-
mum offset distance or not, the stability of robot trotting on slope can be judged. The foot trajectory
was planned with the sinusoidal function. Based on the kinematic analysis, the ZMP offset distance of
quadruped robot under different slope angles, step length and step height was calculated, then the
reasonable slope angle, step length and step height for quadruped robot trotting on slope to keep dy-
namic stability can be determined. On the other hand, the posture angle of quadruped robot should
be controlled within the desired range. Computer simulations were executed to verify the theoretical
analysis. The study will provide reference for determining reasonable step parameters of the quadru-

ped robot.
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0 Introduction

Mobile robots are generally divided into legged,
wheeled, tracked and mixed. The quadruped robots
have been popularly studied by many research
groups''! because of its advantages over wheeled or
tracked locomotion, such as obstacle striding, high ter-
rain adaptability, environmental protection and energy
saving. Of course the legged robot has some disadvan-
tages such as more complex structure, which keeps it
from being used.

When walking in an unstructured environment,
compared to wheeled or tracked robots, legged robot
has some advantages. Four-legged robot has the per-
formance of more stable than biped robot, simple struc-
ture than the six-legged robot.

The locomotion style of animals changes with dif-
ferent environments, which differ from the uneven ter-
rain such as gravel road and mountainous terrain, spe-
cialterrain such as stairs and sand beaches, extreme
terrain such as snow or swamp.

It is difficult for a quadruped robot to walk as an

animal does. Quadruped robots can not achieve the
mobility and dynamic stability similar to four-legged
creatures, since a quadruped robot is a multi DOF sys-
tem. During walking, the robot has the characteristics
of changing configuration. On the other hand, the ter-
rain of the unstructured environment is complex, such
as, slope, obstacle and so on. The ground reaction
forces, sliding and friction and other factors influence
stability. It is difficult to achieve dynamic stability for
quadruped robots walking in the unstructured environ-
ment.

The stability of a walking robot is divided into
static and dynamic according to different gait style.
The trot gait belongs to the dynamic one. When a
quadruped robot walks with crawl gait, it is easy to
keep stable, but the walking speed is lower. As devel-
oped recently, a robot with trot gait, can improve ef-
fectively the walking speed. It is necessary to analyze
its dynamic stability in unstructured environment.

Some researchers have analyzed the dynamic sta-
bility of the quadruped robot with trot gait. The ZMP
stability criterion is generally used to analyze the stabil-
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ity of walking robo Ref. [4] proposed a control
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method for quadruped robot with trot gait pass through
the plain and slope transition. Ref. [5] presented that
a quadruped robot could perform self-stable running
behavior by designing mechanical structure to expand
the self-stable region. Ref. [6] presented the centroid
trajectory of quadruped robot walking with crawl gait,
and discussed on a strategy to maintain the best walk-
ing balance. Ref. [7] proposed a kind of walking pat-
tern generator with the selection of every foot placement
such as the COG of the robot follows a stable trajectory
characterized by a stability margin relative to the cur-
rent support triangle. Ref. [8] presented a kind of
trajectory planning for quadruped robot, which causes
the robot to have versatile motion in different direc-
tions. The ZMP criterion method is used to analyze dy-
namic stability. The minimum and maximum of lateral
movement of the body is specified to maintain location
of the ZMP in the supporting region. Ref. [9] analyzed
the stability of the quadruped robot by simulation, and
presented that the robot should have proper leg configu-
ration to increase stability by decreasing pitching mo-
tion of the robot. Ref. [ 10] discussed omin-directional
walking of the quadruped robot walking on slope. A
kind of successive gait-transition method is presented,
and the stability is discussed by a measure of stability
margin. Ref. [11] presented a center of pressure
method to evaluate the stability of the quadruped robot
with crawl gait. Turning gait is the most general and
important factor for omni-directional walking of walking
robot. Ref. [12] presented the turning gait planning
for six-legged robot, and stability is analyzed based on
method.
Ref. [ 13 ] proposed the omni-directional static walking

the normalized energy stability margin
method on a slope, and the stability in gait transition
processes was analyzed. The stability analysis of quad-
ruped robot with trot gait is mostly focused on motion
over a flat terrainor walking along straight line. Study
on the dynamic stability of the quadruped robot walking
in the unstructured environment is limited.

In this study, the dynamic stability of the quadru-
ped robot trotting on slope was analyzed. Firstly, the
foot trajectory of the quadruped robot is planned with
sinusoidal function. When the quadruped robot walks
with trot gait, the vertical distance from ZMP to the
supporting diagonal line is defined as the ZMP offset
distance , which is used as the dynamic stability criteri-
on. When the quadruped robot walks in different slope
conditions, the ZMP offset distance is calculated, re-
spectively. On the one hand, the reasonable gait pa-
rameters and slope angle for quadruped robot dynamic
stable walking on slope with trot gait can be determined
according to the ZMP offset distance. On the other

hand, the posture angle of quadruped robot should be
controlled to ensure the dynamic walking stability.

1 Trot gait

Quadruped robot is composed of one body and
four legs, as shown in Fig.1. Each leg is designed
with three rotational joints, which are side-swing-hip
joint, forward-swing- hip joint and knee joint.

Pneumatic
artificial
muscle Side swing

hip joint

Link1

Forward swing
hip joint

Link2

Left

hind leg

Fore body

Right
fore leg

Knee joint
Link3

Fig.1 Quadruped robot

The gait style of the quadruped robot are crawl,
trot, pace and jump. Trot gait is faster but is more un-
stable than crawl gait. When the quadruped robot
walks with trot gait, four legs are classified into two
groups, two legs on the diagonal line belong to one
group. Two legs that belong to the same group are lift-
ing, swing, falling, supporting synchronously. The leg
mechanism is alternately in swing phase and supporting
phase. Two legs transfer forward, while the other legs
support the body weight and push itself against the
ground to generate the needed thrust in the desired di-
rection of motion.

Two parameters can describe the trot gait, which
are duty factor 8, and leg phase ¢, (7 = 1,2,3,4). The
gait formulag = [B,, By, B, Bus b1y oy b5y byl s
generally used to describe lift and fall sequence of each
leg and the interval time between adjacent legs.

If the periodic gait is adopted and the duty factor
is 0.5, the time in supporting phase and swing phase
of each leg is equal, as shown in Fig. 2.

Then the gait formula is

1 1 1 1 1 1
= - - — . _— 1
g [ 2 b 2 b 2 b 2 9 2 ’0 b 2 ’0] < )
The ZMP criterion method is used to analyze dy-
namic stability of bipedal or quadruped robot.
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Definition :

(1) The supporting polygon: the region formed by
the feet in supporting phase, as shown in Fig. 3.

(2) ZMP offset distance d; the vertical distance
from ZMP to the supporting diagonal line.

(3) Maximum offset distance A: the vertical dis-
tance from the supporting diagonal line to the polygon
boundary.

The supporting region is shown in Fig. 3, which is
determined by the foot size e. During the former half
gait cycle, the 2th leg and 4th leg are in supporting
phase. During the latter half gait cycle, the 1th leg
and 3th leg are in supporting phase, the stable offset
distance d is from ZMP to supporting diagonal line.

R4 Rl

0 T2 T
Fig.3 The supporting polygon and offset distance

The stability judgment condition is: If d < A,
ZMP locate inside the supporting polygon, robot can
keep stable. If d > A, ZMP locate outside the support-
ing polygon, robot is unstable. So the dynamic stability
of the quadruped robot walks on slope with trot gait
should meet the condition: ZMP offset distance d less
than maximum offset distance A.

On the one hand, the robot walk on slop, the
ZMP should be controlled within the supporting region
which is related to the gait parameters. On the other
hand, the posture angle of robot should be controlled.

2 Kinematics

2.1 Trajectory planning

The trajectory function should be continuous and
smooth. The combined cycloid function can effectively
reduce the contact force between feet and environ-

]

ment' "', The cycloid function, sinusoidal function or

linear function is generally adopted as the foot trajecto-
ry, and different trajectories will provide different dy-
namic performance for quadruped robot.

The trajectory planning was done in Cartesian co-
ordinates. As the side swing movement of the leg
mechanism needn’ t be considered, so the trajectory
function was divided into two directions. The functions
along the x-axis and z-axis direction were planned by
the sinusoidal function. According to the boundary
constraint conditions ;

px'l:() =0’ px|l=T_m. :Ss Pz|1=0 :0a
P. | t=Tg, = H
The trajectory function can be determined as
t I . 2m
=S8(——-7—sin7—) O0=<s:<T
p)( ( TAM’v 2’” Sln Tsuv Sw
p, =0 (2)
pZ:Hsin%t Os:<T,

Where S is step length, H is step height, p., p , p.is
the foot displacement along coordinate axis direction,
respectively.

The Denavit-Hartenberg coordinate method was
adopted to analyze the kinematics of quadruped robot
trotting on the slope, the spatial position and pose rela-
tionship between the foot and leg joints can be derived.
Because of each leg is alternately in swing phase and
supporting phase, so the kinematic of leg in different
phase is different.

2.2 Forward kinematics of leg in swing phase

Quadruped robot walks on slope, the slope angle
is set as a. The coordinate systems of leg in swing
phase are shown in Fig. 4. The body coordinate system
is { B}. The coordinate system {0} and {1} are loca-
ted at joint 1, whose position coordinates with respect
to the body coordinate system {B} is (a, b, ¢). The
foot coordinate system is {4].

Fig.4 D-H coordinate systems
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According to the coordinate systems, the D-H pa-
rameters of leg in swing phase are shown in Table 1.

Table 1  D-H parameters
i a;_ Qi 0; d
1 0 0° 0, 0
2 L, 90° 0, 0
3 Ly 0° 0, 0
4 L 0° 0 0

The kinematic of leg in swing phase can be de-
scribed by the transformation matrix

fT\'u‘ = gI?Txu"(al );T( 02>§T( 03>2T

9 —
T =
a
Sy C 0 Lysyy + Lys, + >
- - l +1 + s, - b
S1Cx3 S1523 ¢ 351Cx3 2516, 151 )
— €03 €182 =81 = lejeyy = e, —lie ¢
0 0 0 1
(3)

where s, = sinf,, ¢, = cosf,, s;; =sin(6, +60;), ¢y

= cos(6, + 6,)

2.3 Forward kinematics of leg in supporting phase

As the side-swing motion of leg mechanism
needn’ t to be analyzed, so 6, is always zero. The coor-
dinate systems of leg in supporting phase were shown in
Fig.5. 0,, 0,, 0, are hip, knee and ankle joint varia-
ble, respectively. The z; axis direction of the coordinate
systems o,x,y.z; (k = 0,1,2,3) is from outside to in-
side.

Fig.5 D-H coordinate systems

According to the D-H coordinate systems, the
D-H parameters of the leg mechanism in supporting
phase are shown in Table 2.

Table 2 D-H parameters

i a;_, oy 0, d,
1 0 0° 0, 0
2 Iy 0° 0, 0
3 L 0° 0, 0

The kinematic of leg in supporting phase can be
described by the transformation matrix ;

gTsp :(I)Tsp(04);TSp(03)§T5p<02)

ey — sy 0 ey + ey

— | S C3y 0 12534 + 1354 (4)
0 0 1 0
0 0 0 1

2.4 Inverse kinematics

The joint angles 6, , 6, ,60, during supporting phase
and swing phase can be determined by the inverse
transformation method.

D2+ B+ (p,—a)? -1 ]

O = arctan[
4B[D* + (p,—a)?] - [D* +B + (p, -a)? - 13]?

— arctan
Py —a

SN WV EYUESTRE L By

D+ (p,—a)?-B -4

(5)
O N P,
0,, = — arccos———————— — arctan —
? 20,1, .
p. +p, - b’
+ arctan ——————
b

2 2 2 2

Lty =l -1

0s, = a]rccoséﬁfl2

where, D = s,p, —¢,p. + cc; = bs,
The angular velocity can be calculated by the de-
rivative, which will be used as joint driving functions-

for simulation analysis.
3 ZMP of robot dynamic walking

According to the dynamic stability criterion; ZMP
offset distance less than the maximum offset distance,
the stability of robot walking on slope can be analyzed.
The equation of the supporting diagonal line should be
first determined.

3.1 Equation of the supporting diagonal line

In order to determine the ZMP offset distance d,
coordinates of the supporting feet respect to the body
coordinate system { B| should be calculated firstly, and
the supporting diagonal line equation can be derived.
Then the ZMP coordinates in the body coordinate sys-
tem are derived. The vertical distance for ZMP to the
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supporting diagonal line is the offset distance d.

During the former half gait cycle and the latter
half gait, the supporting diagonal line is different. The
equation of the supporting diagonal line is

R4V_R2v r
y—Rzy=m(9€—sz>, O<tis—
R, - R, T
_R, = 2T R —<i<T

y 1y R3X _ Rlx(x ]x) ’ 2 14

3.2 7ZMP coordinates

The quadruped robot walks on the slope with trot
gait, the ZMP coordinates should be firstly calculated
according to the definition. ZMP is the point that the
moment about this point of all force acting on the robot
is equal to zero. These forces include the gravity force,
external force and inertia force.

The moment about the ZMP of all force acting on
the robot is zero.

My, =0 (7)

Take the 4th leg mechanism for example, the
force analysis is shown in Fig.6. F,, F, , F,,, F,; are
the forces acting on the center of mass of body, linkl ,
link2 and link3 of the 4th leg, respectively. r,, r,,
r,, , Iy are the radius vectors from ZMP to the center of
mass of body, linkl, link2 and link3 of the 4th leg,

respectively.

Fig.6 Force analysis

Then the moment of all forces acting on the robot

about ZMP is

4 3 4 3
My, =1, xF, + z Zr,.j xF; + z lejoy

i=1 j=1 izl j=1
=0 (8)
where i is the ith leg. j is the jth joint. r,, r; are the
radius vector from ZMP to the body center of mass,
each link center of mass, respectively. F,, and F, are

the composite forces of gravity and inertia force acting
on the body and each link. I is the moment of inertia
of each link. @, is the angular acceleration of each
link.

Set the ZMP coordinates with respect to the body
coordinate system {B}| is ZMP (x,,, y.,). Then
Eq. (8) can be expressed as:

My, = m, (2, + geosa) (v, = yp) = myy, (2, + h)
4 3

+ Z 21, m,,(zy + geosa) (¥ = ¥up)
s i

i
4 3

4 3
DI ACET I W W A
i=1 j=1

i=1 j=1
MZMPy = mb((éb + gcosar) (%, = xyp)
- (x, + gsina) (z, + h))

4 3

+ 2 Z m;(z; + geosa) (x; = Xzyp)
=14

- z Zmij(éc',.j + gsina) (z; + h)
i:] j;l

- Z ;[ij}‘éij)

=1 j
So the ZMP coordinates can be calculated as:

4 3
X = ( z Zmij(ig + geosa)
=1 =1

m, (211 + gCOSa) Xy

+

m, (%, + gcosa) (z, + h)
4 3

- Z qu(xl] + gSiIla)(zij + h)

i=1 j=1

4 3

Yar = ( Z Zmy(zy + gcosa)%j

=1 j=1
+m,(z, + gcosa)y,

4 3
m[l.;)}b(zb +h) - 2 Zmij}i<zi +h)
i=1 =1

4 3 4 3
Z Zlij.tpijx>/( Z Z m;(z, + gcosa)
i=1 j=1 i=1 j=1

m,(z, + gcosar) )

+

where m,; is each link mass. m, is body mass. x,, y,,
z, are the body acceleration along the coordinate axis
directions. éc'ij, j}é/-, Eij are each link acceleration along
coordinate axis direction. g is the gravity acceleration.
h is the vertical distance from COG to the slope.
Asxy, vy, 2, 5&0, j},;j, éij are related to the step
parameters and slope angle, so the ZMP coordinates

are related with the step parameters and slope angle.

3.3 ZMP offset distance
According to the ZMP coordinates and the equa-
tion of the supporting diagonal line, the ZMP offset dis-
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tance could be calculated. According the vertical dis-
tance formula of from point (x, y) to line Ax + By + C
=0.

dzle+By+C|

JA* + B?

So the ZMP offset distance d can be derived as:

| (R4x - RZ.:)./YZMP - <R4)’ - Rz)»)xZMP B (R4x - R2x>Rzy + (R4y B Rz;>sz | 0<:< l
_ (R, = R,)” + (R, - R,,)’ 2 (9)
| (Ry, = R Y e — (R3y - Rly)xZMl’ - (R, - RM)RU + <R3y - RU‘)RLX | T <i<T
(R, = R.)* + (R, = R,) 2

4 The posture and posture control

ZMP is controlled within the supporting region,
which couldn’t ensure the robot stable. The posture of
robot should be also controlled. The posture angle re-
fers to the angles of body coordinate system respect to
reference coordinate system, which is denoted by §, B
and vy, as shown in Fig. 6. Then the rotate matrix of ro-
bot with respect to the reference coordinate system is

R, .(y,B,8) = Rot(zBO,ﬁ)Rot(yBo, B)Rot(x&),'y)

HER EAS (I

0 0 sB O B sy
cocB  cbsBsy — sécy  cbsBcy + sbsy

= [ so6cf3  sOsBsy + cocy  sbsBcy — césy] (10)
- Bsy Bey

and the robot
posture should be considered. For designing the con-

Quadruped robot walks on slope,

the trajectory and the posture
the de-

sired trajectory related to joint kinematic parameters

troller of walking robot,
control should be controlled. On the one hand,

should be controlled to ensure the ZMP locating within
On the other hand,

scope fixed on the body is used to real-time test the

the supporting region. the gyro-
posture angle during the quadruped robot walking, and
the posture angle should be controlled to ensure the ro-
bot to keep the optimal posture.

5 The influence factors on stability

The slope angle and the gait parameters have in-
fluence on the dynamic stability of quadruped robot.
The relationship between the stability and the slop angle,
step length and step height will be analyzed. The parame-
ters of the quadruped robot are shown in Table 3.

According to the foot size e, the maximum offset
distance is 45mm. When ZMP offset distance is less

than 45mm, which shows that the ZMP locates within

the supporting polygon, and the robot can keep stable.

Table 3 The parameters of robot

No. ParameterSymbol ( Unit) Value
1. Length of link 1/, (mm) 50

2. Length of link 2 7, (mm) 200
3. Length of link 3 [, (mm) 150
4. Body length a (mm) 500
5. Body width b ( mm) 300
6. Body height ¢ (mm) 50

7. Mass of link 1 m; (kg) 0.628
8. Mass of link 2 m, (kg) 2.512
9. Mass of link 3 m; (kg) 1.884
10. Mass of body m, (kg) 15.46
11. Gait cycle T(s) 10
12. Duty factor B( % ) 50

13. Velocity v, (mm/s) 20

14. Foot size e( mm) 64

According to the structure parameters of the ro-
bot, the maximum gait parameters of the robot can be
determined. The maximum
245mm ,
120mm.

step length Smax is
and the maximum step height Hmax is

5.1 Step length

The quadruped robot walks on the slop with trot
gait. Set the slop angle to 20°, and the step height H
at 50mm. Step length S increases from 100mm to
140mm, ZMP offset distance d changes with step
length S during one step cycle, as shown in Fig. 7.

The stability of the quadruped robot decreases
with the increase of step length. When the step length
is 136mm, the ZMP offset distance is 44mm, which is
less than the maximum offset distance. The robot can
keep stable.

When the slope angle is 20°, and the step height
is 50mm, the step length should be less than 136mm to
keep the robot stable.
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Fig.7 d change with the step length

5.2 Step height

The quadruped robot walks on the slop with trot
gait. Set the slop angle to 20°, and step length S at
100mm. When step height H increases from 40mm to
120mm, offset distance d changes with step height H
during one step cycle, as shown in Fig. 8.

30

0 2 4 6 3 10
t(s)
Fig.8 d change with step height

(1) The step length keeps invariable, the stabili-
ty of the quadruped robot decreases with the increase of
the step height.

(2) Compared with the step length, the step
height has less influence on the stability.

5.3 Slope angle

The quadruped robot walks on the slop with trot
gait. Set the step height at 50mm, and the step length
S at 100mm. When the slope angle increases from 15°
to 40°, ZMP offset distance d changes with the slope
angle during one step cycle, as shown in Fig. 9.

The quadruped robot walks on the slope with trot
gait, the stability of the quadruped robot decreases with
the slope angle increase. When the slope angle is 30°,
the ZMP offset distance is 44mm, which is less than
the maximum offset distance 45mm. The robot can

keep stable. Otherwise, the robot is unstable.

70

1(s)
Fig.9 d change with slop angle

So the quadruped robot walks on the slope with
trot gait, the step height is 50mm, and the step length
is 100mm, the slope angle should be less than 30°.

It is concluded that:

(1) The step length keeps invariable, the stabili-
ty of the quadruped robot decreases with the increase of
the step height. But compared with the step length,
step height has less influence on the stability.

(2) The step height keeps invariable, the stabili-
ty of the quadruped robot decreases with the step
length. If the slope angle is 20°, and the step height is
50mm, the step length should be less than 136mm to
keep the robot stable.

(3) If the step length is 100mm, and the step
height is 50mm, the slope angle should be less than
30° to keep the robot stable.

6 Simulation

The simulation of the quadruped robot walking on
slope with trot gait was performed in software ADAMs.

The virtual prototype model was established in
software Solid-works, and inputted into the ADAMs.
Each joint was added the angular velocity driving func-
tion, which is determined by the inverse kinematics.
The contact constraint was added between the feet in
supporting phase and environment.

0, = k& + 5™ % (11)
where £k is stiffness coefficient depending on the materi-
al properties, & =1000kN/m"* | § is penetration depth
of the foot into the ground, p, is exponent of the pene-
tration for the normal elastic force, p, =2.2. and p, is
exponent of the penetration for the normal damping
contact force, p;, = 0.5.
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6.1 Simulation in ADAMS software

Simulations were performed with different gait pa-
rameters and different slope angles. The simulation se-
quence chart of quadruped robot walking on slop is
shown in Fig. 10.

3) “4)
=

(©)] ©6)
Fig.10 The sequence chart

6.2 Simulation results

Set the slop angle at 10°, step length at 100mm
and step height at 60mm, gait cycle at 10s. The simu-
lation results of foot trajectory and COG were obtained ,
as shown in Fig. 11.

60.0
50.0
40.0
30.0
20.0
10.0

0.0
00 1.0 20 30 40 50 60 7.0 80 90 10.0

t(s)

(a) Foot displacement of 1th and 3th leg along z direction

H(mm)

60.0
50.0
40.0
30.0
20.0
10.0
0.0 N
00 1.0 20 3.0 4.ot(s)5.0 60 70 80 9.0 100

(b) Foot displacement of 2th and 4th leg along z direction

H(mm)

200.0
150.0
100.0

v
=
(=1

Displacement (mm)

GO 1.0 20 3.0 40 50 6.0 7.0 8.0 9.0 10.0

1(s)
(c¢) COG displacement
Fig.11 The trajectory of simulation results

7 Conclusions

In this study, dynamic stability of the quadruped
robot walking on slope with trot gait was analyzed. The
sinusoidal function was planned as the foot trajectory
function. The vertical distance from ZMP to the sup-
porting diagonal line was defined as the ZMP offset dis-
tance d. The vertical distance between the supporting
diagonal line and the boundary of the supporting poly-
gon was defined as the maximum offset distance A.
Whether d is less than A or not, it was used as the dy-
namic stability criterion. The slope angle and the gait
parameters influence the stability. When the slope an-
gle keeps invariable, the stability of the quadruped ro-
bot decreases with the step length and step height in-
crease. The step length influences the stability more
than that of step height. When the gait parameters
keep invariable, the stability decreases with the slope
angle increase. Finally, simulations were performed to
verify the theoretical analysis.

The experiment of robot walking on slope will be
conducted in the future. The optimal posture angle will
be determined by the experiment, and the control algo-
rithm for dynamic stable walking on slop will be evalu-
ated.
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