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Abstract
Submodular optimization is primarily applied in multi-agent systems for tasks such as resource

allocation, task assignment, collaborative decision-making, and optimization problems. Maximiza-
tion of optimizing submodular set functions attracts much attention since the 1970s. A large body of
work has been done using approximation algorithms. When the dimension of the independent varia-
ble of the set function changes from one to k, it is called a k-submodular set function. The k-subm-
odular set function, a generalization of the classical submodular set function, arises in diverse fields
with varied applications. In many practical scenarios, quantifying the degree of closeness to submod-
ularity becomes essential, leading to concepts such as approximately submodular set functions and
the diminishing-return (DR) ratio. This paper investigates a k-dimensional set function under ma-
troid constraints, which may lack full submodularity. Instead, we focus on an approximately non-k-
submodular set function characterized by its DR ratio. Employing a greedy algorithmic approach, we
derive an approximation guarantee for this problem. Notably, when the DR ratio is set to one, our
results align with existing findings in the literature. Experimental results demonstrate the superiority
of our algorithm over the baselines.
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0　 Introduction

Submodular functions including k-submodular
functions are primarily applied in multi-agent systems
for tasks such as resource allocation, task assignment,
collaborative decision making, and optimization prob-
lems. Their core strength lies in their ability to effi-
ciently handle combinatorial optimization challenges,
particularly in scenarios where multiple objectives or
states need to be optimized simultaneously. K-submod-
ular functions extend the capabilities of submodular
functions, making them suitable for complex problems
involving multiple choices or states. This provides a
powerful mathematical framework for optimizing multi-
agent systems.

Set functions with k-submodular properties are an
extension of submodular functions, designed to handle
multi-choice problems where each element can take on

one of k possible states. The optimization of k-submod-
ular set function finds widespread applications in ma-
chine learning, deep learning, and artificial intelli-
gence. For instance, in image classification, an image
may belong to multiple categories ( e. g. , ‘ beach’,
‘ sunset ’, ‘ person’), and k-submodular functions
can help select the optimal combination of labels. They
are also applied in diverse recommendation systems,
where, in movie recommendations, a user might be in-
terested in different genres ( e. g. , action, comedy,
sci-fi) . Here, k-submodular functions can balance rel-
evance and diversity to generate a varied and engaging
recommendation set.

Additionally, k-submodular functions are used in
multi-modal data fusion. In autonomous driving, for
example, they can assist in selecting the optimal com-
bination of sensor data ( e. g. , cameras, radar, light
detection and ranging, i. e. , LiDAR) to enhance
perception performance. K-submodular functions excel
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in scenarios requiring multi-choice or multi-state com-
binations, effectively addressing challenges such as
diverse recommendations, multi-label classification,
and multi-task learning. Their core strength lies in
their ability to simultaneously optimize multiple objec-
tives or states, making them highly suitable for com-
plex combinatorial optimization problems.

1　 Related work

The set function which possesses the property of di-
minishing returns is called submodular function. Given
a discrete ground set G with cardinality n, a non-nega-
tive function h is defined as submodular if for ∀A ⊆
B ⊆G and ∀i∈G \B, h(A∪{ i}) - h(A) ≥ h(B∪
{i}) - h(B) holds. Denote h(i | A): = h(A∪{i}) -
h(A), which is the direct expression of marginal benefit
of submodular function. Then diminishing marginal ben-
efit can be expressed as h(i | A) ≥ h(i | B) for the a-
bove definition of submodular function. There are other
equivalent forms of definitions for submodular function.
For ∀A, B⊆G, we have h(A) + h(B) ≥ h(A∪ B) +
h(A∩B), which is the classic definition for submodu-
lar set function. Based on the ubiquity and naturalness
of submodularity, it is widely used in operations re-
search, management, economics, computational sci-
ence and some other subjects. Submodular function
maximization is a cornerstone of submodular optimiza-
tion. It is directly applicable to numerous practical do-
mains including social network influence maximization,
sensor placement, data mining classification, and ma-
chine learning clustering[1-4] .

The maximization of submodular function is gener-
ally classified according to whether the function is mon-
otone or not and different constraints. The design of
approximation algorithms is an effective research tech-
nique recognized by the academic researchers. For the
maximization of monotone submodular function with
cardinality constraints, Nemhauser et al[5] used the

classic greedy technique to get tight 1 - 1
e( ) -approxi-

mation, where e is the natural constant. For the maxi-
mization of monotone submodular function with knap-
sack constraints, Sviridenko[6] firstly enumerates the
set composed of no more than three elements, and then
expands the set with the element with the greatest mar-
ginal benefit brought by each increment of unit weight,
and finally outputs the optimal set, which is a

1 - 1
e( ) -approximation with time complexity O(n5) .

Matroid constraints are generalization of cardinality con-
straints and knapsack constraints. Buchbinder et al[7]

gave a 0. 5008-approximation algorithm, which is a

breakthrough 1
2 -deterministic approximation algorithm

for maximization of monotone submodular set function
with matroid constraints.

Extending the set functions variable from a single
dimension to k dimensions yields a k-submodular func-
tion. A submodular function is a special case of a k-
submodular function when k = 1. Correspondingly, a
bisubmodular function represents a special case where
k = 2. Ward and Živn􀆪[8] established a deterministic

greedy algorithm achieving a 1
2 -approximation guaran-

tee for the unconstrained monotone k-submodular maxi-
mization problem, and Iwata et al[9] achieved a ran-

domized k
2k - 1 -approximation algorithm. There are

also some results for maximization of non-negative mon-

otone k-submodular function with constraints. A 1
2 -ap-

proximation algorithm for maximization of non-negative
monotone k-submodular function with total size con-
straints was dealt with by Ohsaka and Yoshida[10] with

greedy technique. In the same discussion, a 1
4 -ap-

proximation is obtained for individual size constraints.

Tang et al[11] yielded a 1
2 - 1

2e( )-approximation for

maximization of non-negative monotone k-submodular
function with knapsack constraints. For matroid

constraints, Sakaue[12] got a 1
2 -approximation algo-

rithm for the same problem. For the maximization of
unconstrained non-monotone k-submodular function,

Oshima[13] gave a 2k + 1
4k + 1 -approximation algorithm.

Zhu et al[14] investigated the monotone k-submodular

maximization, developing a 1
3 -approximation greedy

algorithm with fairness constraints.
In view of parameterization, extending submodular

functions to non-submodular functions is a common
form used by researchers in the field of optimization.
Since the submodular function has the unique property
in structure, the non-submodular function can obtain
the property similar to the submodular function by
means of parameters, which can maintain the integrity
of the structure. Das and Kempe[15] introduced subm-
odularity ratio for the first time, by which the closeness
between general set function and submodular set func-
tion is characterized. As a natural relaxation of dimin-
ishing marginal returns, α-weakly submodular set func-
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tion corresponds with submodularity ratio which was ex-
plained in Ref. [16]. There also exists a kind of set
functions which do not have access to submodular func-
tions but a noisy version. Due to noise and uncertain-
ty, the approximately submodular function was intro-
duced by Horel and Singer[17] . The error is a small e-
nough value ε. Similarly, approximately k-submodular
function appears. For the maximization of k-submodu-
lar function with cardinality constraints, there are two
forms which are individual size and total size. Under
both cardinality constraints, Zheng et al[18] investigated
􀆠-approximately k-submodular function ( 􀆠-AS) and 􀆠-
approximately diminishing return ( 􀆠-ADR). For ma-
troid constraints, Matsuoka and Ohsaka[19] utilized
greedy method to get the maximization for monotone 􀆠-
approximately k-submodular function (􀆠-AS).

In this paper, we combine the α-weakly k-subm-
odular function and the 􀆠-approximately k-submodular
function. Using greedy technique, we present a

(1 - 􀆠) 2α
(1 + 􀆠)[2􀆠B + (1 - 􀆠)(α + 1)]-approximation algo-

rithm for the 􀆠-approximately α-weakly k-submodular
function (􀆠-A-α-WS) with matroid constraints. For the
maximization of monotone 􀆠-approximately α-weakly di-
minishing return ( 􀆠-A-α-WDR ) with matroid con-

straints, the approximation ratio (1 - 􀆠)α
1 + 􀆠 + α - 􀆠α can

also be analyzed. When the value of parameter α is 1,
it is concluded that our results match some known con-
clusions[19] . A preliminary version of this work ap-
peared in proceedings of the International Conference
on Theory and Applications of Models of Computation
(TAMC 2022) [20] . The specific definitions and inter-
pretation of signals will be given in the later section.

This article is organized as follows. Section 2
presents the preliminary concepts. Section 3 develops
greedy algorithms for both the 􀆠-A-α-WS and 􀆠-A-α-
WDR problems, and presents approximation ratio analy-
ses. Experimental results are demonstrated in Section 4,
followed by concluding remarks in Section 5.

2　 Preliminaries

Consider a ground set G with n ∈  elements,
where we identify n[ ] with G for notational conven-
ience. For any positive integer k ∈  , let k[ ] denote
the set {1, 2, …, k} . To simplify notation, we repre-
sent (k + 1) G as the collection of all k-tuples w = (W1,
W2, …, Wk), where each Wl ⊆G for all l∈[k], and
Wi ∩W j = Φ, ∀i≠ j. On (k + 1) G, we define a par-
tial order ⪯ as follows: w = (W1, W2, …, Wk), v =
(V1, V2, …, Vk) ∈ (k + 1) G, the relation w ⪯ v

holds if and only if w ∪ v = v (i. e. , Wl ⊆ Vl, ∀l∈
[k] ). Analogous to the marginal benefit in one-di-
mensional set functions, we extend this concept to
multi-dimensional set functions. For any non-negative
set function h(w) defined on (k + 1) G, the marginal
gain △u, ih(w) is defined as △u, ih(w): = h(W1,
W2, …, Wi -1, Wi ∪ {u}, Wi +1, …, Wk) - h(W1,
W2, …, Wk), where w ∈ (k + 1) G, u ∉ ∪i∈[k]Wi

and i ∈ [k] . This captures the incremental benefit of
adding element u to the i-th component of w. Following
the convention in Ref. [10], we slightly abuse nota-
tion by associating each w = (W1, W2, …, Wk) ∈
(k +1) G with w∈{0, 1, …, k } G, where Wi = {u∈
G:w(u) = i} for i∈[k] . For w∈(k + 1) G, the def-
initions are given as supp(w) = {u∈ G:w(u) ≠0}
and supp i(w) = {u ∈ G:w(u) = i} for i ∈ [k] .
Let 0 denote the vector of k empty sets, i. e. , 0 =
(W1 = Φ, …, Wk = Φ) . For generality, we assume
h(Φ) = 0, otherwise we redefine h(w): = h(w) -
h(Φ) .

Definition 1: k-submodular set function. A set
function h:(k + 1) G → ℝ is defined as k-submodular
if for all pairs w = (W1, …, Wk) and v = (V1, …,
Vk), the following inequality holds:

h(w) + h(v) ≥ h(w ∪ v) + h(w ∩ v),

where the meet and join operations are defined respec-
tively as w∩ v: = (W1 ∩ V1, …Wk ∩ Vk), and w∪
v: = (W1 ∪ V1 \( ∪i≠1Wi ∪ Vi), …, Wk ∪
Vk \(∪i≠kWi ∪ Vi)) .

When k = 1, this definition reduces to standard
submodularity, thus generalizing the classical notion to
higher dimensions.

Definition 2: monotonicity. A k-dimensional set
function h:(k + 1) G →ℝ is called monotone if it pre-
serves order with respect to the partial order ⪯, that
is, for all w, v ∈ (k + 1) G satisfying w ⪯ v, we have
h(w) ≤ h(v) .

As established in the literature[15 ,21], several pa-
rameters exist to quantify how closely a set function ap-
proximates submodularity. Building on the foundational
work of Das and Kempe[15] who introduced the subm-
odularity ratio, we recall that a non-negative monotone
set function h:2G → ℝ is called α-weakly submodular
if for all disjoint subsets W1, W2 ⊆ G, it satisfies:

∑ u∈W2
h(u | W1) ≥ αh(W2 | W1) (1)

For one-dimensional set functions, where multiple
equivalent characterizations of submodularity exist[22],
the α-weak submodularity condition admits an equiva-
lent formulation:
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h(u | W1) ≥ αh(u | W2)for any W1 ⊆ W2 ⊂ G
and u ∉ W2

(2)

Here, the optimal parameter α ∈ [0, 1], called
the diminishing-return ( DR ) ratio, represents the
maximum value for which these inequalities hold. This
framework naturally extends to define α-weakly k-sub-
modular set functions through analogous conditions.

Definition 3: α-weakly k-submodular set func-
tion. A nonnegative monotone set function h:(k + 1) G

→ ℝ is said to be α-weakly k-submodular if there ex-
ists a maximal parameter α ∈ [0, 1], called the di-
minishing-return (DR) ratio, satisfying the following
condition:

For all w, v ∈ (k + 1) G with w ⪯ v and any ele-
ment u ∉ supp(v), the marginal gain satisfies

h((u, i) | w) ≥ αh((u, i) | v),

where, mathematical symbol ⪯ denotes the partial or-
der on (k + 1) G, supp(v) represents the support of v,
and h((u, i) |·) denotes the marginal contribution of
adding element u to the i-th component.

Motivated by practical applications like influence
maximization and information coverage problems, where
exact evaluation of a submodular set function h may re-
quire exponential computations[2], researchers have
considered approximate versions of submodularity.

For 􀆠 > 0, a function H:2G → ℝ + is called 􀆠-ap-
proximately submodular if there exists a submodular
function h:2G → ℝ + such that:

(1 - 􀆠)h(W) ≤ H(W) ≤ (1 + 􀆠)h(W)
∀W ⊆ G

(3)

as established in Ref. [17].
This concept naturally extends to higher dimen-

sions. When generalizing from one-dimensional to k-di-
mensional set functions, we obtain 􀆠-approximately k-
submodular functions[18, 23] . Zheng et al[18] further de-
veloped this framework by proposing approximation al-
gorithms for both 􀆠-approximately k-submodular ( 􀆠-
AS) functions and 􀆠-approximate diminishing return
(􀆠-ADR) functions.

Building upon the established concepts of 􀆠-ap-
proximately k-submodular functions[18] and α-weakly k-
submodular functions, we introduce the following ex-
tended definitions. One is the 􀆠-approximately α-weak-
ly k-submodular ( 􀆠-A-α-WS ) set function, which
combines both approximation properties. The other is
􀆠-approximately α-weakly diminishing return ( 􀆠-A-α-
WDR) condition, derived by integrating the 􀆠-approxi-
mate DR property[18] 　 and α-weak k-submodularity re-

quirement.
Definition 4: 􀆠-A-α-WS property. A set function

H:(k + 1) G → ℝ + is called 􀆠-approximately α-weakly
k-submodular (􀆠-A-α-WS) if for some 􀆠 > 0, there ex-
ists a monotone α-weakly k-submodular function h:
(k + 1) G → ℝ + such that ∀w ∈ (k + 1) G :

(1 - 􀆠)h(w) ≤ H(w) ≤ (1 + 􀆠)h(w)

Remark 1: For set function H, the properties are
analyzed.

(1) The condition implies H preserves α-weak k-
submodularity within (1 ± 􀆠) multiplicative bounds.

(2)When 􀆠 →0, H recovers exact α-weak k-sub-
modularity.

Definition 5: 􀆠-A-α-WDR property. A set func-
tion H:(k + 1)G → ℝ + satisfies the 􀆠-approximately α-
weakly diminishing return ( 􀆠-A-α-WDR) property for
some 􀆠 > 0 if there exists a monotone, non-negative, α-
weakly k-submodular function h:(k + 1)G → ℝ + such
that for all w = (W1, …, Wk) ∈(k + 1)G, any u∈G \
∪k

l = 1Wl, and any i ∈ [k], the marginal gains satisfy:

(1 - 􀆠)△u, ih(w) ≤ △u, iH(w) ≤ (1 +
􀆠)△u, ih(w) .

where △u, ih(w): = h(W1, …, Wi ∪{u}, …, Wk) -
h(w) denotes the marginal contribution.

Definition 6: Matroid. A matroid is a pair =
(G,  ) where G is a finite ground set with | G | = n
and  ⊆ 2G is a non-empty collection of independent
sets, satisfying the following axioms.

(1)Non-emptiness: Φ ∈  ;
(2)Hereditary property: ifM2 ∈ andM1 ⊆M2,

then M1 ∈  ;
(3)Exchange property: if M1, M2 ∈ with M1 <

M2 , then ∃u ∈M2 \M1 such that M1 ∪{u} ∈ .

The matroid’s bases  are its maximal independ-
ent sets, that is,  : = {B∈ ∣ B′∈ , B B′} .
All bases share the same cardinality B, called the rank
of M.

Remark 2: A solution w ∈ (k + 1) G is feasible
under the matroid constraint = (G,  ) if and only
if its support set satisfies

supp(w) ∈  

where supp(w): = {u∈ G∣ w(u) ≠0} denotes the
support of w and  is the family of independent sets of
matroid  .

3　 Greedy algorithm and analysis

3. 1　 Greedy algorithm
Our algorithm follows the classic greedy algorithm
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for maximization of k-submodular set function[10,18,19],
seeking the optimal feasible solution in the current step
during each iteration. For 􀆠-A-α-WS with matroid con-
straints in Algorithm 1, there are B iterations. In each
step, an appropriate element is selected to satisfy two
conditions. The sum of selected element and the solu-
tion of last step is a feasible solution satisfying matroid
constraints. At the same time, the updated solution
should maximize the function H in each step. For 􀆠-A-α-
WDR with matroid constraints in Algorithm 2, the feasi-
ble solution selected by algorithm maximizes the dimin-
ishing return of H in each step.

Algorithm 1　 Greedy Algorithm for 􀆠-A-α-WS Maximization

Input: Ground set G, matroid = (G,  ), 􀆠-A-α-WS func-
tion H, the rank of the matroid B
Output: Feasible solution w(B) ∈ (k + 1) G

1: Initialize w(0) ←0
2: for t = 1 to B do
3: 　 Find (u( t) , i( t) ) ← arg max

u∈G \ supp(w( t-1))
i∈[k]

H((u, i) | w( t-1) )

4: 　 w( t) ← w( t-1) ∪ (u( t) , i( t) )
5: 　 if supp(w( t) ) ∉  then
6:　 　 w( t) ← w( t-1)

7: 　 end if
8: end for
9: return w(B)

Algorithm 2 　 Greedy Algorithm for 􀆠-A-α-WDR Maximiza-
tion

Input:Ground set G, matroid  = (G,  ), 􀆠-A-α-WDR
function H, the rank of the matroid B
Output:Feasible solution w(B) ∈ (k + 1) G

1: Initialize w(0) ←0
2: for t = 1 to B do
3: 　 Find (u( t) , i( t) ) ← arg max

u∈G \ supp(w( t-1))
i∈[k]

△u, iH(w( t-1) )

4: 　 w( t) ← w( t-1) ∪ (u( t) , i( t) )
5: 　 if supp(w( t) ) ∉  then
6:　 　 w( t) ← w( t-1)

7: 　 end if
8: end for
9: return w(B)

In the analysis of the algorithm, we use the fol-
lowing Lemma 1 in Ref. [12], in which  is a base
family of a matroid (G,  ) mentioned in Algorithm 1
and Algorithm 2.

Lemma 1: Let W1 ∈ F, W2 ∈  with W1 W2,
and u ∉ W1 with W1 ∪ {u} ∈ F. Then there exists u′
∈ W2 \W1 with (W2 \{u′) ∪ {u} ∈  .

We give specific explanations for symbols to un-
derstand Algorithm 1 and Algorithm 2 better. For each
iteration t ∈ [B], the vector w( t) represents a feasible
solution at step t, initialized with w(0) = 0. This gener-
ates the sequence w(0), w(1), …, w(B) . The algorith-
mic analysis aims to establish the relationship between
the algorithm’s output w(B) and an optimal solution o.

Tofacilitate this analysis, we introduce auxiliary
vectors o(0), o(1), …, o(B), where o(0) = o. During
each iteration t∈ [B], the algorithm extends w( t -1) by
adding (u( t), i( t)) to produce w( t) .

The update rule for o( t) depends on whether u( t)

exists in the support of o( t -1) :
Case 1: If u( t) ∈ supp(o( t -1)), we set o( t) =

u( t) .
Case 2: If u( t) ∉ supp(o( t -1)), Lemma 1 guaran-

tees the existence of an element o( t) such that
( supp(o( t -1)) \{o( t)}) ∪ {u( t)} ∈ B.

For intermediate construction, we define o t - 1
2( )as

the vector derived from o( t -1) by zeroing out the o( t) -th
component. Subsequently, o( t) is formed by setting the
u( t) -th component of o t - 1

2( ) to i( t) .
Key observations:
(1)The final output satisfies w(B) = o(B) .
(2 ) The relationship w( t -1) ⪯ o t - 1

2( ) holds
throughout the process.

Theorem 1: Function H(w):(k + 1) G → ℝ + is
􀆠-approximately α-weakly k-submodular and (G,  ) is
a matroid. The feasible solution w(B) outputted by Al-
gorithm 1 has the following relationship with the opti-
mal solution o:

H(w(B)) ≥ (1 - 􀆠)2α
(1 + 􀆠) 2􀆠B + (1 - 􀆠)(α + 1)[ ]

H(o)

Proof. In each step t ∈ [B], (u( t), i( t)) is the pair
selected in Algorithm 1, which is the optimal selection
for that step. The pair (o( t), o( t -1)(o( t))) is not the
selected one, thus we have

△u( t), i( t)H(w( t -1)) ≥ △o( t), o( t-1)(o( t))H(w( t -1))
(4)

Based on inequality (4) and the definition of 􀆠-A-
α-WS, we have

(1 - 􀆠)h(W(t-1)
1 , …, W(t-1)

o(t-1)(o(t)) ∪{o(t)}, …, W(t-1)
k )≤

H(W(t-1)
1 , …, W(t-1)

o(t-1)(o(t)) ∪{o(t)}, …, W(t-1)
k ) ≤

H(W(t-1)
1 , …, W(t-1)

i(t) ∪{u(t)}, …, W(t-1)
k ) ≤

(1 + 􀆠)h(w(t))
The inequality holds

h(W(t-1)
1 , …, W(t-1)

o(t-1)(o(t)) ∪{o(t)}, …, W(t-1)
k ) ≤

1 + 􀆠
1 - 􀆠h(w

(t)).
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Keeping the inequality, we have

h(W( t -1)
1 , …, W( t -1)

o( t-1)(o( t)) ∪ {o( t)}, …,

W( t -1)
k ) - h(w( t -1)) ≤ 1 + 􀆠

1 - 􀆠h(w
( t)) - h(w( t -1))

(5)

By the monotony for set function h and the defini-

tion for o ( t - 1
2 ) , we have

h(o( t -1)) - h(o( t)) ≤ h(o( t -1)) - h ( o ( t - 1
2 ) )
(6)

According to the partial order relationshipw( t -1) ⪯
o t - 1

2( ) and the definition of α-weakly k-submodular set
function for h, the following holds

h(o(t-1)) - h ( o ( t- 1
2 ) ) = △o(t), o(t-1)(o(t))h ( o ( t- 1

2 ) ) ≤

1
α△o(t), o(t-1)(o(t))h(w(t-1))

(7)

Combining inequalities ( 5 ), ( 6 ) and ( 7 ),
we conclude

α [h(o( t -1)) - h(o( t)) ] ≤1 + 􀆠
1 - 􀆠h(w

( t)) - h(w( t -1))

(8)

According to the iterative process of Algorithm 1
and inequality (8), we have

h(o) - h(w(B)) = ∑
t∈[B]

[h(o( t -1)) - h(o( t)) ] ≤

1
α ∑

t∈[B]

1 + 􀆠
1 - 􀆠h(w

( t)) - h(w( t -1))[ ]
(9)

Realizing the relationship between the solutions
derived by Algorithm 1 and using inequality (9), the
followings equations and inequalities can be got:

　 h(o) - h(w(B)) =

1
α ∑t∈[B]

1 + 􀆠
1 - 􀆠h(w

(t)) - 1 + 􀆠
1 - 􀆠h(w

(t-1)) + 1 + 􀆠
1 - 􀆠h(w

(t-1))

- h(w(t-1))

é

ë
ê
ê

ù

û
ú
ú =

1
α ∑

t∈[B]

1 + 􀆠
1 - 􀆠(h(w

(t)) - h(w(t-1))) + ∑
t∈[B]

2􀆠
1 - 􀆠h(w

(t-1))[ ] =
1
α

1 + 􀆠
1 - 􀆠(h(w

(B)) - h(w(0))) + ∑
t∈[B]

2􀆠
1 - 􀆠h(w

(t-1))[ ]≤
1 + 􀆠

α(1 - 􀆠)h(w
(B)) + 2B􀆠

α(1 - 􀆠)h(w
(B))

Therefore we can get the relationship between the
optimal solutiono and the outputted solution w(B) for set
function h, which is

h(o) ≤ 1 + 1 - 􀆠 + 2B􀆠
α(1 - 􀆠)[ ]h(w(B)) =

(α + 1)(1 - 􀆠) + 2B􀆠
α(1 - 􀆠) h(w(B))

Then we can get

h(w(B)) ≥ α(1 - 􀆠)
2􀆠B + (1 - 􀆠)(α + 1)h(o)

According to the definition of 􀆠-A-α-WS, we have

(1 + 􀆠)H(w(B)) ≥ α(1 - 􀆠 ) 2

2􀆠B + (1 - 􀆠)(α + 1)H(o) .

Therefore we have

H(w(B)) ≥ (1 - 􀆠)2α
(1 + 􀆠) [2􀆠B + (1 - 􀆠)(α + 1) ]

H(o) .

Since the outer loop runs at most B times, and the
computation in Step 3 requires at most nk operations for
the algorithms, the overall running time is O(nkB).

Theorem 2: Assume that set function H(w):(k
+ 1) G →ℝ + is an 􀆠 -approximately α-weakly diminish-
ing return and (G, F) is a matroid. The feasible solu-
tion w(B) outputted by Algorithm 2 has the following re-
lationship with the optimal solution o:

H(w(B)) ≥ (1 - 􀆠)α
1 + 􀆠 + α - 􀆠αH(o) .

Proof. In Algorithm 2, in every step t∈[B], (u( t),
i( t)) is optimal pair greedily chosen.

The pair (o( t), o( t -1)(o( t))) is not the selected
one, thus we have

△o( t), o( t-1)(o( t))H(w( t -1)) ≤ △u( t), i( t)H(w( t -1)) .

Utilizing 􀆠-approximately α-weakly diminishing re-
turn for set function H, we can get

△o( t), o( t-1)(o( t))H ( o ( t - 1
2 ) ) ≤

(1 + 􀆠)△o( t), o( t-1)(o( t))h ( o ( t - 1
2 ) )

(10)
According to the definition of α-weakly diminish-

ing return for h and the partial order w( t -1) ⪯ o t - 1
2( ),

we have

△o( t), o( t-1)(o( t))h ( o ( t - 1
2 ) ) ≤

1
α △o( t), o( t-1)(o( t))h(w( t -1))

(11)
By inequalities (10) and (11), we have

△o( t), o( t-1)(o( t))H ( o ( t - 1
2 ) ) ≤
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1 + 􀆠
α △o( t), o( t-1)(o( t))h(w( t -1))

(12)

By the introduction of o( t) and o ( t - 1
2 ) , the follow-

ing equality can be derived

H(o( t -1)) - H(o( t)) = △o( t), o( t-1)(o( t))H ( o ( t - 1
2 ) ) -

△u( t), i( t)H ( o ( t - 1
2 ) )

Then we have

H(o( t -1)) - H(o( t)) ≤ △o( t), o( t-1)(o( t))H ( o ( t - 1
2 ) )
(13)

By virtue of inequalities ( 12 ) and ( 13 ), we
have:

H(o( t -1)) - H(o( t)) ≤ 1 + 􀆠
α △o( t), o( t-1)(o( t))h(w( t -1))

(14)

Applying the definition of function H and inequali-
ty (14), we conclude that

H(o(t-1)) -H(o(t))≤ 1 + 􀆠
α(1 - 􀆠)△o(t), o(t-1)(o(t))H(w(t-1))

(15)

According to Algorithm 2 and inequality (15),
we have

H(o(t-1)) - H(o(t)) ≤ 1 + 􀆠
α(1 - 􀆠)△u(t), i(t)H(w(t-1)) =

1 + 􀆠
α(1 - 􀆠) [H(w(t)) - H(w(t-1)) ]

(16)
Summing inequalities (16) by t ∈ [B], we have

H(o) - H(w(B)) = ∑
t∈[B]

H(o( t -1)) - H(o( t))[ ]≤

1 + 􀆠
α(1 - 􀆠)∑t∈[B]

[H(w( t)) -

H(w( t -1)) ] = 1 + 􀆠
α(1 - 􀆠)H(w(B))

After the arrangement, we have

H(o) ≤ 1 + 1 + 􀆠
α(1 - 􀆠)[ ]H(w(B)) .

Therefore, we can evaluate the feasible solution
generated by Algorithm 2 against the optimal solution

H(w(B)) ≥ (1 - 􀆠)α
1 + 􀆠 + α - 􀆠αH(o)

Similar to Algorithm 1, Algorithm 2 also exhibits
a time complexity of O(nkB).

4　 Numerical experiments

In this section, we apply our algorithms to the
sensor placement problem of maximizing approximately
non-k-submodular monotone functions under a total size
constraint. The objective of the problem is to install
sensors of k types of locations. The sensors are used to
collect information. Each sensor can only be installed
of a single location and each location can accomodate
at most one sensor. In this problem, we design a
scheme to place k types of sensors to collect as much
information as possible to reduce the expected uncer-
tainty most effectively. In order to illustrate our experi-
ment better, we give the special case for example in
Ref. [24] of the coupled sensor placement problem.
There are two kinds of sensors, measuring temperature
and humidity. We use (S1, S2) ∈ 3G to show the cou-
pled sensor placement. Sets S1 and S2 are independent
subsets of the ground set G. The first kind of sensors are
put at S1, and the second kind of sensors are put at S2 .
The size of sensors that we can put is at most B, which
means | S1 | +| S2 | ≤ B. We use entropy function to e-
valuate the sensor placement problem, which is used to
describe the uncertainty that the sensors catch. Let X be
a discrete random variable. Let w be the set of all possi-
ble observations of X. The entropy function is defined as
G(X) = - ∑

x∈ω
p(X = x)log p(X = x) . We give some

interpretation of the entropy function here. If some re-
sults happen in similar possibility, the entropy of X will
be high, which makes it difficult for us to predict the
possible observation result.

In coupled sensor placement problem, discrete
random variable XS1, S2 represents the possible observa-
tion that sensors placed at (S1, S2) ∈ 3G catch. Set
ωS1, S2 contains all possible observations. Entropy
function is H(XS1, S2) = - ∑

x∈ωS1, S2

p(XS1, S2 = x) log

p(XS1, S2 = x), in which the dimension can be gener-
alized to k ≥ 3 . In an ideal sensor placement plan,
the sensors are located at the most unpredictable
sites, where the most unpredictable information can
be collected. That means the entropy function is maxi-
mized and these sites are optimal for sensor place-
ment. Thus the objective is maximizing entropy func-
tion under a total size constraint.

Our constructed function is based on the above
entropy function. The process of placing sensors of k
types is influenced by objective conditions, such as the
loss of component and the consumption of money.
Therefore our function is constructed by entropy function
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subtracting the loss. Let G be the ground set of locations
and Ω = {Xu

i } i∈[k], u∈G be the random variable set for
each sensor type i ∈ [k] and each location u ∈ G. Let
Xi = {Xu

i } ⊆ Ω represent the measurement gathered
from the installed sensors of type i ∈ [k] in each loca-
tion. For a vector x = (X1, …, Xk) ∈ (k + 1)G,
H(x) =H(∪i∈[k]Xi) = -∑ s∈dom(∪i∈[k]Xi)

(p(s) - β)·
logp(s) is the monotone non-k-submodular function.
The value of β ranges from 0 to p(s), dom(∪i∈[k]Xi)
is the all possible observation set for ∪i∈[k]Xi, and the
DR ratio of function is α(β) . We know that the entropy
function G(∪i∈[k]Xi) = - ∑ s∈dom(∪i∈[k]Xi)

(p(s))·

logp(s) is monotone k-submodular function[18] . It can
be inferred that our objective function is monotone non-
k-submodular set function.

Now the problem is to select x∈(k + 1)G to maxi-
mize H(x) under the constraint supp(x) ≤ B. Sensor
measurements always contain random noise. Here we uti-

lize H~ (x) = ξ(x)·H(x) to show the problem with
noise, in which ξ(x) can be generated by three methods,
adversarial generation (AG), max generation (MaxG)
and mean generation ( MeanG) in Ref. [ 18 ] . In
AG, the solution of greedy algorithm is x f . Define

H~ (x f) = (1 + 􀆠)H(x f) and for the remaining x ,

define H~ (x) = ξ(x)·H(x) where ξ (x)∈[1 - 􀆠, 1].

In MaxG, H~ (x) = ξ(x) ·H(x), where ξ(x) =
maxu∈supp(x) 􀆠ξ(u),ξ(u) ∈ [1 - 􀆠, 1] . In MeanG,

H~(x) = ξ(x)·H(x), where ξ(x) =
∑ u∈supp(x)

􀆠ξ(u)
| supp(x) | ,

ξ(u) ∈ [1 - 􀆠, 1] .

4. 1　 Algorithm
The algorithm analyses 􀆠-approximately α ( β )-

weakly k-submodular function ( 􀆠-A-α-WS) and 􀆠-ap-
proximately α ( β)-weakly diminishing return ( 􀆠-A-α-
WDR). The parameter α(β) is defined as the diminish-
ing-return (DR) ratio, whose value relates to β. We
compare our greedy algorithm with basic random algo-
rithm. The latter selects elements randomly in each di-
mension. Different values of β correspond to different ap-
proximately non-k-submodular problems. Specially, the
objective function becomes approximately k-submodular
function when β = 0. We select three specific values for
β, which are 1 ×10 -4, 1 ×10 -5 and 1 ×10 -6 separately.
Based on these values, we generate images under the to-

tal size constraint B. We compare H and H~ obtained by
greedy algorithm with those frort random algorithm, and

analyze three different non-k-submodular functions. We
set parameters with B = 9, k = 3, 􀆠 =0. 3. The method
we use to generate ξ(x) is MaxG.

4. 2　 Database
We use the Intel Lab dataset available at http: / /

db. csail. mit. edu / labdata / labdata. html, which was
preprocessed as in Ref. [18]. The dataset is a log of
approximately 2. 3 million values, collected from 54
sensors installed at 54 locations in the Intel Berkeley
research lab.

4. 3　 Results
For 􀆠-A-α-WDR function, we draw the following

conclusions from Fig. 1. The value of H~ obtained from
greedy algorithm is the best. The value of H resulting
from random algorithm is higher than that fom greedy al-
gorithm in a small part when β = 1 × 10 -4 and 1 × 10 -5

(see (a) and (b) in Fig. 1). H~ outperforms H in all
three figures, which is because the noise is structured by
the method of MaxG (see (a), (b) and (c) in Fig. 1).

Comparing the values of three non-k-submodular
functions shown in Fig. 1 (d) and Fig. 1 (e), the two
images are basically similar. As the value of β increasing,
function’ s values decrease and the growth trend goes
smaller, which is because the value of β influences the
loss.
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Fig. 1　 􀆠-A-α-WDR function

For 􀆠-A-α-WS function, we derive conclusions
from Fig. 2. From Figs. 2(a), (b) and (c) it can be

seen that the values of H~ and H gotten from greedy al-

gorithm are similar. Both H~ and H outperform random
selection, which illustrates that the greedy algorithm is
valid and practical. Figs. 2 (d) and (e) show that the
image of 􀆠-A-α-WS function is almost the same with
that of 􀆠-A-α-WDR function, in which the values of
functions decrease with the enlarging values for β.
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Fig. 2　 ε -A-α- WS function

5　 Conclusions

The maximization of submodular function is a hot
issue in academia and industry, which arouses the in-
terest of many researchers. Due to the practical appli-
cation background, it is not practical for some set func-
tions to have submodularity themselves. Therefore,
there are some ways to describe degree for closeness
between set function and submodular set function, such
as parameters for submodularity and approximately sub-
modular function.

In our work, a k-dimension set function with sub-
modularity ratio which is the diminishing ratio parame-
ter is introduced. Another k-dimension set function has
a smaller numerical error from this function, which is
an approximately non-k-submodular set function. The
maximization for the monotone approximately non-k-
submodular set function with matroid constraints is in-
vestigated. The greedy technique is tackled to two
kinds of styles, which is 􀆠-A-α-WS and 􀆠-A-α- ẀDR.
Corresponding approximation ratios containing parame-
ters are raised. Numerical experiments show that our
algorithms are good.

In today’ s highly dynamic production and living
environments, massive data streams are generated in
real-time under complex coupled constraints. Future
research may focus on the following directions. Stream-
ing k-submodular maximization optimization can be in-
vestigated, in which sliding window or decay models is
considered. Approximation algorithms with component-
wise constraints can also studied further.
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